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Abstract
The entanglement between spin-1/2 interstitial Heisenberg dimers in the mixed
spin-(1,1/2) Ising-XXZ double sawtooth ladder is investigated at low temper-
ature. Here, we consider a cyclic four-spin exchange interaction in square pla-
quette of each block, and investigate the effects of this amazing interaction on
the bipartite entanglement between spin-1/2 interstitial dimers. Interestingly,
we observe a remarkable difference in concurrence behavior with respect to
the cyclic four-spin exchange interaction and magnetic field. Also, the critical
points at which the concurrence vanishes are changed versus alteration of the
anisotropic parameter of the interstitial Heisenberg dimers.
Keywords: Entanglement, double sawtooth, cyclic four-spin exchange
interaction
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1. Introduction
There are quite lots of reasons to investigate the entanglement [1, 2, 3, 4,
5, 6, 7, 8, 9] and bipartite correlations [10, 11, 12] for the Heisenberg models,
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where they have been the main subject of numerous papers for a long period of
time. for instance, There are many applications of the entanglement in quantum
teleportation [3], quantum NMR and quantum information processing [13, 14,
15, 16].
Besides simple 1-D Heisenberg spin chains, a wide variety of the spin models
such as diamond chains [17, 18, 8, 19, 20, 21], spin ladders [22, 23] and saw-
tooth ladders have been encountered with a great attention from theoretical and
experimental view points [24, 26, 25, 27].
In solid state physics and condensed matter science, the main goal of numer-
ous papers is providing the exact solution for the various generalized versions of
the mixed-spin (1,1/2) Ising-Heisenberg chains, which bring a deep insight into
how the thermal and the magnetic properties are dependent on the spins-1/2
and spin-1 ordering [9, 19, 22, 28, 29]. Recently, we investigated fermionic Ising-
XXZ Heisenberg double sawtooth ladder in Ref. [27], also mixed-spin (1,1/2)
Ising-XXZ double sawtooth ladder in Ref. [30]. Phase transitions and some ther-
modynamic parameters such as specific heat, the magnetization and magnetic
susceptibility have been numerically investigated in detail. In the present work,
we are going to study the thermal entanglement between the interstitial dimer
Heisenberg half-spins of the mixed-spin (1,1/2) Ising-XXZ double sawtooth lad-
der where the nodal sites have Ising spins including both spin-1/2 and spin-1 on
the legs in the presence of an external magnetic field at low temperature. The
mixed-spin ladder of 24-spins (as an example) with periodic boundary condi-
tions is shown in Fig. 1 . The number of spins in the ladder are selected even
and the suggested procedure in this paper is used for N ≥ 8. For a chain with
N > 8, the number of spins will grow as N + 4, i.e., N ∈ {8, 12, 16, 20, 24 · · · }.
The paper is organized as the following: in the next section we introduce the
suggested model. In section 3, we present the thermodynamic solution of the
model using the transfer-matrix formalism approximately. In section 4, we have
numerically discussed the correlation functions and the thermal concurrence.
Section 5 is devoted to draw the conclusions.
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Figure 1: Schematic structure of a mixed-spin Ising-XXZ Heisenberg double sawtooth ladder
with geometric frustration and additional ring exchange for N = 24.
2. Model and method
As we introduced the mixed-spin Ising-XXZ Heisenberg double sawtooth
ladder with an analytical Hamiltonian in Ref. [30], here we explain the model
briefly. The i-th block Hamiltonian hi of the antiferromagnetic mixed spin
double sawtooth ladder under the periodic boundary conditions (shaded region
in Fig. 1) can be given by
hi =
[Jx(σxi,2σxi,5 + σyi,2σyi,5)+ ∆σzi,2σzi,5]
+J‖
(
Jzi,1σ
z
i,3 + J
z
i,4σ
z
i,6
)
+ J⊥2
(
Jzi,1σ
z
i,6 + σ
z
i,3J
z
i,4
)
+JIs
[
Jzi,1σ
z
i,2 + σ
z
i,2σ
z
i,3 + J
z
i,4σ
z
i,5 + σi,5σ
z
i,6
]
+KP i	1346
−B′z2
(
Jzi,1 + σ
z
i,3 + J
z
i,4 + σ
z
i,6
)−B′′z (σzi,2 + σzi,5),
(1)
where σα = {σx, σy, σz} are Pauli operators (with ~ = 1), and Jz = diag(1, 0,−1)
is spin-1 operator. B′z and B
′′
z are applied homogeneous magnetic fields in the z-
direction. J⊥ and J‖ are the bilinear exchange couplings on the rungs and along
the legs of the plaquette in unit block, respectively. K is the cyclic four-spin
exchange interaction per plaquette, and JIs is the Ising interaction between the
spins on the legs of the block,s plaquette and two interstitial Heisenberg dimer
spins.
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The cyclic four-spin permutation operator for which all interactions are kind
of Ising exchange interaction can be written as the product of three transposition
operators P	1346 = P
	
13P
	
14P
	
16 where P
	
13 = 1/2(1 + J
z
1σ
z
3), hence
P i	1346 =
1
8
[
1 + Jz1σ
z
3 + J
z
1J
z
4 + J
z
1σ
z
6 + (J
z
1σ
z
3) · (Jz1Jz4 )+
(Jz1σ
z
3) · (Jz1σz6) + (Jz1Jz4 ) · (Jz1σz6) + (Jz1σz3) · (Jz1Jz4 ) · (Jz1σz6)
]
,
(2)
which contains both bilinear and biquadratic terms of the spin-1/2 and spin-1
operators. Note that here, all of introduced parameters are considered dimen-
sionless.
3. Approximate solution in the transfer matrix formalism
The interstitial Heisenberg dimer coupling can be expressed as
(
σi,2 · σi,5
)
∆,Jx =

∆
4 0 0 0
0 −∆4 Jx2 0
0 Jx2 −∆4 0
0 0 0 ∆4
 . (3)
The partition function of the ladder is given by Z = Tr
[ M∏
i=1
exp(−βhi)
]
, where
β = 1kBT , kB is the Boltzmann’s constant and T is the temperature. In terms of
the qubit-qutrit standard basis of the composite spin operators {Jzi,1, σzi,6, σzi,3, Jzi,4}
on the two consecutive rungs of the plaquette in block i, the partition function
Z can be defined as
Z = Tr[〈Jz1,1σz1,6|T |σz1,3Jz1,4〉〈σz2,1Jz2,6|T |Jz2,3σz2,4〉 · · · 〈σzM,1JzM,6|T |JzM,3σzM,4〉],
(4)
where σzi,j = ±1 and Jzi,j = ±1, 0 and
T (i) = 〈Jzi,1σzi,6| exp(−βhi)|σzi,3Jzi,4〉 =
4∑
k=1
exp
[− βEk(Jzi,1σzi,6, σzi,3Jzi,4)].
(5)
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Four eigenvalues of the i−th block with Hamiltonian hi are
E1(i) = ∆ + JIs
(
Jzi,1 + σ
z
i,3 + J
z
i,4 + σ
z
i,6
)
+ Ξ− 2B,
E2(i) =
−∆ + Ξ +
√
J 2Is
(
Jzi,1 + σ
z
i,3 − Jzi,4 − σzi,6
)2
+ 4J 2x ,
E3(i) =
−∆ + Ξ−
√
J 2Is
(
Jzi,1 + σ
z
i,3 − Jzi,4 − σzi,6
)2
+ 4J 2x ,
E4(i) = ∆− JIs
(
Jzi,1 + σ
z
i,3 + J
z
i,4 + σ
z
i,6
)
+ Ξ + 2B,
(6)
where
Ξ = J‖
(
Jzi,1σ
z
i,3 + J
z
i,4σ
z
i,6
)
+ J⊥2
(
Jzi,1σ
z
i,6 + σ
z
i,3J
z
i,4
)
+
K
8
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z
i,3J
z
i,4σ
z
i,6 + J
z2
i,1σ
z
i,3J
z
i,4 + J
z2
i,1J
z
i,4σ
z
i,6+
Jz2i,1σ
z
i,3σ
z
i,6 + J
z
i,1J
z
i,4 + J
z
i,1σ
z
i,3 + J
z
i,1σ
z
i,6 + 1
−B(Jzi,1 + σzi,3 + Jzi,4 + σzi,6)− 2B].
(7)
The components of the transfer matrix can be obtained by using eigenvalues
(6).
Due to the commutation relation between different block Hamiltonians,
[hi, hj ] = 0, equation (4) can be expressed as Z = Tr
[T M ]. The partition
function of the model can be expressed through six eigenvalues of the transfer
matrix T (i) as Z = ΛM1 + ΛM2 + ΛM3 + ΛM4 + ΛM5 + ΛM6 . In the thermodynamic
limit, only the largest eigenvalue Λmax is acquired to gain the partition function.
Since, all elements of the transfer matrix are kinds of non-zero long term
polynomials, obtaining the eigenvalues of the real transfer matrix T (i) is a
big challenge for the available processors, hence, its quite interest to follow
the calculations in the framework of an approximate procedure to extract the
largest eigenvalue of the transfer matrix. We here explain this procedure with
extensive uses in detail. By investigating the mixed-spin double sawtooth lad-
der numerically, such that we examine the transfer matrix elements for the
ranges J‖ = JIs = 1, J⊥ = rand(1..8), Jx = rand(−2..2), ∆ = rand(−1..6),
β = rand(0..3) and B = rand(0..4) over than 100-times randomly calculat-
ing, we found that for the determined ranges of the Hamiltonian parameters,
several components of the transfer matrix are almost effectless and they can
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be neglected. So, we construct a new transfer matrix T ′(i) with less non-zero
components including the most effective components of the real transfer matrix
T (i). The new transfer matrix can be given by
T ′(i) =

T11 T12 T13 0 T15 0
T21 T22 0 0 0 0
T31 0 T33 0 T35 0
0 0 0 0 0 0
T51 0 T53 0 T55 0
0 0 0 0 0 0

. (8)
Interestingly, the largest eigenvalue of the new transfer matrix T ′(i) is equivalent
to the largest eigenvalue of the real transfer matrix T (i) with high accuracy. Free
energy Gibbs per block for infinite chain with respect to the largest eigenvalue
can be written as [31]
f = f0 + f
′ = 2Jx + ∆− 1β limM→∞ ln
1
MZ =
2Jx + ∆− 1β ln Λmax,
(9)
4. Correlation function and thermmal concurrence
The reduced density matrix of the nearest neighbor sites of the interstitial
Heisenberg dimers in the presence of the magnetic field can be expressed as
ρi =

u+ 0 0 0
0 w1 z
∗ 0
0 z w2 0
0 0 0 u−
 , (10)
where
u± = 14 (1 + 〈σzi,2σzi,5〉)±
〈σzi,2+σzi,5〉
2 ,
w1 = w2 =
1
4 (1− 〈σzi,2σzi,5〉),
z = z∗ = 12 〈σxi,2σxi,5〉.
(11)
In the limit of N → ∞, the correlation functions between Heisenberg spin
dimers can be obtained by using a derivative of the free energy with respect to
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the associated parameters as 〈
σx2σ
x
5
〉
= − 12 ∂f∂Jx ,〈
σz2σ
z
5
〉
= − ∂f∂∆ ,
Mi =
〈
σzi
〉
= − ∂f∂B .
(12)
Where M = 〈σz2 + σz5〉/2 is the magnetization per block. After straightforward
algebraic manipulation the concurrence will be as the form [13]
C2,5(i) = max
{
0, |〈σxi,2σxi,5〉| −
√(
1/2 + 2〈σzi,2σzi,5〉
)2 −M2} (13)
To clarify the effect of bilinear exchange couplings on the rungs J⊥ upon the
magnetic field dependence of the bipartite entanglement, we have shown in Fig.
2 the concurrence as function of the magnetic field and J⊥ at low temperature
for the various fixed values of the isotropic parameter Jx. As shown in Fig. 2
(a), at weak magnetic field and bilinear exchange couplings on the rungs J⊥,
the concurrence is not zero. With increase of the magnetic field and J⊥, the
concurrence decreases because there is a K-dependent singularity at which all
information about pairwise entanglement obtained by the concurrence destroy.
As the magnetic field and J⊥ further increase, the concurrence reaches a smooth
plateau for which C < 1, where the concurrence obtains its normal behavior
and we can properly investigate the concurrence and gain knowledge about
the pairwise entanglement. Finally, the concurrence decreases and gradually
vanishes at stronger magnetic field and J⊥.
By inspecting the blue contour plots in (B − J⊥) plan below the concur-
rence curves shown in Figs. 2 (a), (b) and (c), one can see that the region
in which singularity occurs moves to stronger magnetic field and bilinear ex-
change couplings on the rungs J⊥ upon the increasing the isotropic parameter
Jx. Figure 3 (a) shows the concurrence as function of the magnetic field and
the cyclic four-spin exchange interaction K at low temperature for the fixed
values of J‖ = J⊥ = ∆ = JIs = 1 and Jx = 3. It can be seen that, the con-
currence exhibits a steep decrease when K gradually increases till it suddenly
vanishes at a critical point. As the magnetic field increases, the entanglement
7
Figure 2: Concurrence at low temperature (β = 1) as function of B and J⊥, for fixed values
of J‖ = K = JIs = 1 and (a) Jx = 3, (b) Jx = 5, and (c) Jx = 8.
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vanishing occurs at weaker values of K. To better understand the role of the
K in determining appropriate regions in which the concurrence has reasonable
behavior, we plot Fig. 3 (b) which depicts the critical points in the (B − K)
plan at which the concurrence vanishes, in this regard various fixed values of the
∆ is considered. Interestingly, we see that under the considered conditions, the
critical points in the (B −K) plan shows different lines upon increasing of the
∆. Indeed by increasing ∆, for a fixed value of the magnetic field, the critical
point occurs at weaker cyclic four-spin exchange interaction K (horizontal solid
line).
In Ref. [27] by investigating the heat capacity function of the fermionic
double sawtooth ladder, we noted that the cyclic four-spin exchange interaction
K has an essential role to determine the range J⊥ to study the concurrence.
Indeed, the singularity was explicitly seen in the heat capacity function and
K did not contribute directly in quantum entanglement between interstitial
Heisenberg dimer, while here the singularity is interestingly seen in the thermal
pairwise concurrence such that K contributes directly in the thermal entangle-
ment. Moreover, by comparing Fig. 3 (b) and the contour lines illustrated in
Fig. 2, one can precisely detect the singular points.
5. Conclusions
In this paper, we have examined the thermal concurrence of the mixed spin-
(1,1/2) Ising-XXZ double sawtooth ladder consist of the interstitial Heisenberg
dimer half-spins connected to the leg sites by using an approximate solution of
the transfer-matrix. According to the numerical investigations we understood
that the most components of the transfer matrix are almost effectless to derive
the largest eigenvalue, so we neglected them and reconstructed a new transfer
matrix with less components. Actually, we used an approximate procedure to
solve the model, where it provides the possibility of obtaining numesical and
analytical expressions for the thermal concurrence as well as thermodynamic
parameters with high accuracy.
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Figure 3: Concurrence at low temperature (β = 1) as function of B and K, for fixed values
of J‖ = J⊥ = ∆ = JIs = 1 and (a) Jx = 3. (b) The critical points in the (B −K) plan at
which the concurrence vanishes for various fixed values of ∆.
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We found that, the concurrence has a strange behavior versus the magnetic
field and the bilinear exchange couplings on the rungs J⊥. As a matter of fact,
we have seen a special region in which a singularity occurs for the concurrence
at low temperature. Interestingly, this singularity is extremely dependent on
the cyclic four-spin exchange interaction K. Furthermore, we have understood
that the concurrence shows a sharp steep decrease upon increasing K, where
it suddenly vanishes at a critical point. The critical points are dependent on
the anisotropic parameter ∆, namely for fixed values of the magnetic field, the
critical points occur at weaker the cyclic four-spin exchange interaction K.
We note that the approximate method used in the present paper is valid
at low temperature and can be straightforwardly adapted to account for the
another spin models with more complicate transfer matrix and different spin
arrangement to investigate the thermal pairwise entanglement with high accu-
racy.
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